The dark matter in neutron stars can exist from the lifetime of the progenitor or captured by this compact object. The properties of dark matter entered the neutron stars through each step could be different from each other. Here, we investigate the structure of neutron stars which are influenced by the dark matter in two processes. Applying a generalization of two-fluid formalism to three-fluid one and the equation of state from the rotational curves of galaxies, we explore the structure of double dark-matter admixed neutron stars. The behavior of the neutron and dark matter portions for these stars is considered. In addition, the influence of the dark matter equations of state on the stars with different contributions of visible and dark matter is studied. The gravitational redshift of these stars in different cases of dark matter equations of state is investigated.
I. INTRODUCTION
Dark matter (DM) in protostellar halos significantly changes the current theoretical framework for the formation of the first stars [1, 2] . In neutralino DM annihilation, the heat which overwhelms the cooling mechanism impedes the star formation process and leads to dark star, a giant hydrogen-helium star larger than ∼ 1AU which is powered by DM annihilation instead of nuclear fusion [1, 3] . Including an energy term based on DM self-annihilation during the cooling and collapse of the metal-free gas, in halos hosting the formation of the first stars, it has been shown that the feedback induced on the chemistry of the cloud modifies the properties of the gas throughout the collapse [4] . It has been argued that the first stars form inside DM halos with the mass ∼ 10 6 M ⊙ whose initial density profiles are laid down by gravitational collapse in hierarchical structure-formation scenarios [5] . Regardless of the nature of the DM and its interactions, during the formation of the first stars, the baryonic infall compresses the DM [5] . The evolution of young low mass stars in their Hayashi track in the pre-main-sequence phase has been explored [2] . It has been clarified that for high DM densities, these objects stop their gravitational collapse before reaching the main sequence forming an equilibrium state with lower effective temperatures.
However, for the lower DM densities, these protostars continue to collapse and forming a main sequence star burning hydrogen but at a lower rate. Their calculations confirm that the effective temperature and luminosity of these stars depend on the properties of DM particles. The DM particles of the parent halo are accreted in the proto-stellar interior by adiabatic contraction and scattering/capture processes and then its rate increases to a value that energy deposition from annihilations significantly alters the pre-main-sequence evolution of the star [6] . The rate of energy injection by weakly interacting massive particles (WIMPs) determines the stellar structure and main sequence evolution [7] . It has been found that if the energy injected from the annihilation of WIMPs is the order of the nuclear burning, the capture of weakly interacting DM affects the structure and evolution of stars on the main sequence. The accretion of more value of DM onto the star leads to the condition that DM heating becomes the dominant power source [3] . Different effects such as variety of particle masses and accretion rates, nuclear burning, feedback mechanisms, and possible repopulation of DM density due to capture on the stellar evolution have been considered [3] . The results indicate that the first stars are very large, puffy, bright, and cool during the accretion. Besides, as the DM fuel is exhausted, a heavy main sequence star forms which finally collapses to a massive black hole. The evolution of accreting stars has been explored using several gas mass accretion rates derived from cosmological simulations [8] . In the dark star phase, the star can expand by over a thousand solar radius with the surface temperature below 10 4 K. It has been found that a dense DM halo around a cluster changes the positions of the cluster' stars in the H-R diagram and leads to brighter and hotter turn-off point giving the cluster a younger appearance [9] . In addition, the DM density gradient inside the stellar cluster leads to a broader main sequence, turn-off and red giant branch regions. The presence of relatively small amounts of DM modifies the critical phases of stellar evolution [10] . It has been concluded that the contraction of protostar to the main sequence could be significantly delayed by WIMP annihilation heating [11] .
A star orbiting close enough to an adiabatically grown supermassive black hole may capture WIMPs which results in a luminosity due to annihilation of captured WIMPs comparable to or even more than the luminosity from thermonuclear burning [12] . These WIMP burners are mostly degenerate electron cores with a very high surface temperature. The effect of weakly-interacting DM accretion onto the stars and its annihilation on the main sequence stars has been considered [13] . The evolution of Population III stars with the capture and annihilation of WIMPs has been explored [14] . The results show that for enough dense DM, the annihilation of WIMPs captured by Population III stars significantly changes the evolution of these stars. It has been verified that the DM particles in the solar core affect the absolute frequency values of gravity modes [15] . The reduction of solar neutrinos flux due to the energy dissipation by DM particles from the Sun and the consequent reduction of the solar core temperature have been studied [16] .
Because of the compactness and high density of compact objects, the accretion of DM particles can take place on compact stars with more possibility than the normal stars [17, 18] .
The accretion of dark matter onto neutron stars and the effects of annihilating dark matter on the temperature of these stars have been studied [19] . Assuming the DM as a Fermigas with repulsive interaction between the DM particles which scattered into the compact star it has been shown that the smaller the DM particle mass, the harder the EoS or the larger the maximum mass [20] . The observational consequences of the capture of DM onto astrophysical compact objects have been considered [17] . The role of a neutron star progenitor on the accretion of WIMPs onto the neutron star has been investigated [18] .
It has been concluded that the accretion of a two-component millicharged dark matter onto a neutron star can change the braking index of a pulsar [21] . The Self-annihilation of DM candidates in the central regions of a typical neutron star has been proposed [22] .
Some observational results related to extraordinary compact neutron stars are explained by the existence of dark matter in these neutron stars [23] . Using a general relativistic two-fluid formalism and applying non-self-annihilating DM particles, it has been found that the structure of dark matter neutron stars depends on the DM fluid and the size of the DM core [24, 25] . The influence of mirror dark matter on the formation and structure of neutron stars has been studied [10] . Supposing that the fermionic DM and neutron matter have only gravitational interactions, it has been confirmed that the mass-radius relation depends on the mass of DM particles, the amount of DM, and interactions between DM particles [26] . The effects of bosonic DM on the structure of compact stars have been explored [27] . Employing the relativistic mean-field theory in neutron stars with fermionic dark matter which interacts directly with neutrons by exchanging standard model Higgs bosons, the equation of state has been computed [28] . The structure of non-rotating and rotating configurations of pure hadronic stars with self-interacting fermionic asymmetric dark matter has been also calculated [29] .
Regarding the above discussions, the DM can both exist from the first steps of star formation or captured by the neutron stars from the environment. Therefore, the neutron star may be affected by the DM in a double process (double dark-matter admixed neutron star).
It should be noted that the amount of DM captured by the star [10] and the mechanisms for accumulating [23] depend on the nature of DM. Therefore, in a double dark-matter admixed neutron star, two kinds of DM with different equations of state (EOSs) can exist. In this work, we are interested in the properties of neutron stars which are double dark-matter admixed with the same and also different DM EOSs.
II. GENERAL RELATIVISTIC THREE-FLUID FORMALISM
In order to study the structure of neutron stars which are admixed by the DM through two different processes, we generalize the two-fluid formalism [10, 23] to a three-fluid one for the neutron matter and two systems of DM. In this model, a system composed of neutrons and two systems containing DM interact with each other just through gravity. We investigate the properties of a neutron star with three concentric spheres. One of the spheres contains neutron matter, neutron sphere, and the other two spheres are formed by DM, dark sphere number 1 (DS1) and dark sphere number 2 (DS2). Considering the static and spherically symmetric space-time with the line element, (together with the units in which G = c = 1),
and the energy-momentum tensor of a perfect fluid,
we obtain the structure of the neutron star. In the above equation, p and ε denote the total pressure and total energy density, respectively, which are related to the pressure and energy density of three fluids,
In Eqs. (3) and (4), p i and ε i present the pressure and energy density of neutron matter (i = N), DM in DS1 (i = D1), and DM in DS2 (i = D2) at position r from the center of the star, respectively. Using the above relations, the Einstein field equations lead to [10, 23, 26] ,
in which M(r) = r 0 dr4πr 2 ε(r) shows the total mass inside a sphere with radius r. The above relations are the result of the assumption that the fluids interact just via gravity. These three-fluid TOV equations can be applied to calculate the neutron star structure and the properties of the neutron and dark spheres. For the neutron matter with ρ 0.05f m −3 , we apply the neutron matter EOS sly230b in the Skyrme framework [30] . Moreover, for densities ρ 0.05f m −3 , the EOS calculated by Baym [31] is used. In addition, the EOSs of DM will be explained in the following. The boundary condition p(R) = 0 determines the radius, R, and the mass, M(R), of the star. In addition, the radius and mass of each sector are obtained with the conditions p N (R N ) = 0, p D1 (R D1 ) = 0, and p D2 (R D2 ) = 0. It is important to note that the pressure and density profiles of three fluids are different with each other.
III. DARK MATER EQUATIONS OF STATE
To investigate the structure of double dark-matter admixed neutron stars, we should add the DM EOSs to the general relativistic equations in section (II). We are interested in neutron stars which are affected by DM through two different processes. Therefore, we assume that the DM EOS of DS2 compared to the DM EOS of DS1 can be softer, stiffer, or the same. To describe the DM in dark spheres, we employ the DM EOS calculated using the observational data of the rotational curves of galaxies [32] . The pseudo-isothermal model gives a mass density profile with the property of regularity at the origin. Applying the velocity profile, geometric potentials, and gravitational potential, the EOS resulted from the pseudo-isothermal density profile will have the form [32] ,
in which ρ and p represent the density and pressure of DM. The free parameters ρ 0 and p 0 correspond to the central density and pressure of galaxies. This EOS has a functional dependence which is universal for all galaxies. It is possible to predict the central pressure and density of the galaxies employing this EOS and the rotational curve data. This universality for the galaxies could be extended to the other DM halos beyond DM halo of galaxies. We mean that the DM halo of protostellar systems, normal stars, clusters, and compact stars belong to this universality class. In such situation, the DM EOS of each halo is described by Eq. (10) with the free parameters ρ 0 and p 0 that are equal to the central density and pressure of that halo, respectively. Since in the present study on neutron stars, we are dealing with the DM halo of neutron stars, we consider this universality for these stars with the appropriate free parameters. In addition, by comparing with the observational data,
we have recently shown that the DM in neutron stars can be described by this EOS [33] .
Therefore, to do this, the values of ρ 0 and p 0 should be of the order of the central density and pressure of neutron stars, i.e. ∼ 10 15 gcm −3 for the density and ∼ 10 34 dyncm −2 for the pressure. Fig. 1 shows the DM EOSs calculated using the rotational curves of galaxies with the free parameters ρ 0 = 0.2 × 10 16 gcm −3 and different values of p 0 , in the order of the central density and pressure of neutron stars. It is clear that the EOS with higher value of p 0 is stiffer.
IV. STRUCTURE OF DOUBLE DARK-MATTER ADMIXED NEUTRON STAR
A. Total mass and visible radius seen that for the stars with identical DM in its dark spheres, the radius of DS1 increases by decreasing the star mass. It is also true if the DM in DS2 is softer than the DM in DS1 (Fig. 3 Left). However, by increasing the stiffness of DM in DS2 compared to DM in DS1, the behavior of the star changes. In these cases (Fig. 3 Right), the more massive stars have DS1 with larger radius. Fig. 3 also confirms that the stiffer DM in DS2 results in a smaller range for the radius of DS1. Moreover, the effect of the stiffness of DM in DS2 on the star mass depends on the DM in DS1. For DM EOSs with p 0 < 0.4 × 10 35 dyncm −2 , i.e. softer than the DM in DS1, the star mass decreases with the increase in the stiffness of DM in DS2 (Fig. 3 Left). This is while for DM EOSs with p 0 > 0.4 × 10 35 dyncm −2 , i.e. stiffer than the DM in DS1, the star mass grows with increasing the stiffening of DM in DS2 (Fig. 3 Right). M D1 < 4R D1 /9, and the stability is verified.
In Fig. 7 , we have plotted the mass of DS2 versus its radius for the stars with the DM EOS p 0 = 0.4 × 10 35 dyncm −2 for the DS1 and different DM EOSs for the DS2. The larger the R D2 , the higher the M D2 , similar to the M D1 − R D1 relation. However, unlike the DS1, for the stiffer DM EOSs, the DS2 has larger size and higher mass compared to the cases . Moreover, as we expected, the DS1 mass is higher for the first-dark stars. However, for the most stars, the DS2 mass is slightly lower for the first-dark stars. This indicates that the first-visible stars can capture more DM in the DS2 compared to the first-dark stars. The radius of the DS1 in the first-dark stars can be larger than this radius in the first-visible stars. However, the range of DS1 radius depends on the DM EOSs for the DS2. By increasing the stiffening of the DM EOS for the DS2, the DS1 radius for both first-visible and first-dark stars can take smaller values. Noting the results for the radius of DS2, we conclude that in the first-visible stars, the DS2 radius can be higher than this radius in the first-dark stars. Besides, with the stiffer DM in the DS2, the DS2 radius for both first-visible and first-dark stars gets the higher values. We can see from
Figs. 8-10 that for all DM EOSs and different contributions of neutron matter and DM in DS1, the Buchdahl conditions for all spheres, i.e. M N < 4R N /9 and M D1 < 4R D1 /9 and M D2 < 4R D2 /9, are satisfied and these spheres are stable.
F. Gravitational redshift versus the total mass
The gravitational redshift at the surface of neutron star, the criterion for the star compactness, is given by
where R is the visible radius of the neutron star. We have shown the gravitational redshift at the surface of neutron stars considering the equal central pressures of neutron matter and DM with the DM EOS p 0 = 0.4×10 35 dyncm −2 for the DS1 and different DM EOSs for the DS2 in Since the gravitational redshift is obtained using the observational data, it is possible to use our results to study the double dark-matter admixed neutron stars. found that with more stiff secondary DM, the value of the gravitational redshift increases.
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